It is known that the weak type (1, 1) for the Hardy-Littlewood maximal operator can be obtained from the weak type (1, 1) over Dirac deltas. This theorem is due to M. de Guzmán. In this paper, we develop a technique that allows us to prove such a theorem for operators and measure spaces in which Guzmán's technique cannot be used.
we have
where the action of M over a Dirac delta is defined by M δ a (x) = sup x∈Q |Q| −1 χ Q (a). This result is due to M. de Guzmán (see [3] ). Applications of it are shown in [5] .
The same kind of theorem can be proved if the Lebesgue measure is substituted by a measure w(x)dx, w(x) > 0 a.e. (see [4] ). However, the technique developed for the proof cannot be used for more general measure spaces.
The main purpose of this paper is to prove similar results for general maximal operators in general measure spaces (see Theorem 3), including as particular cases various operators that appear in Harmonic Analysis.
For U , V arbitrary sets, we consider positive Borel measures dγ(x, u) and dβ(x, v) defined on R n × U and R n × V , respectively, and we suppose that R n × U and R n × V have some topological structure. We denote by L(R n × U, dγ), as usual, the set of measurable functions f in R n × U such that R n ×U |f (x, u)| dγ is finite. Let now Φ and Ψ be set functions from cubes in R n to Borel sets in R n × U and R n × V respectively, satisfying the following conditions:
(ii) Ψ (Q(x, r)) ⊂ Ψ (Q(x, s)) if 0 < r ≤ s and x ∈ R n , where Q(x, r) is the cube centered at x and with side length r.
III. For any
In this situation, we define
where the supremum is taken over all cubes Q such that (x, v) ∈ Ψ (Q).
In this work we prove (Theorem 3) that the weighted weak type (1, 1) of T is equivalent to the weighted weak type (1, 1) for T acting over finite sums of Dirac deltas. The proof is through a simple induction argument using some ideas developed in [4] . This kind of proof seems to be more natural than the possible proof using dyadic cubes and the ideas developed in [6] and [8] .
This operator was considered in [8] , in order to prove boundedness properties for maximal operators M Ω associated with a general domain Ω ⊂ R n+1 + . Previously, related operators where considered in [6] (see Example D below). By using a technical lemma (Lemma 2), we give a unified result for operators in [6] and [8] .
In the same way, we can also obtain (Theorem 5) a discrete characterization of the weighted weak type (1, q) for the fractional maximal operator M α , 0 ≤ α < n, defined by
Particular examples are the following:
where dx is the Lebesgue measure on R n , and
closely related to tent spaces ( [1] ). D. If condition II for set functions Φ and Ψ is replaced by a stronger condition
we obtain the maximal operator T defined in [6] .
2. Technical lemmas. In [6] a characterization of the weighted weak type (1, 1) of the operator T was obtained:
, Φ and Ψ set functions as in the introduction satisfying conditions I, II * and III, and T such that
The following conditions are equivalent:
Later, in [8] , where condition II * was replaced by II, it was proved that the weighted weak type (1, 1) for the associated operator is equivalent to statement (ii) * of Lemma 2, given below. This lemma shows that for Φ and Ψ satisfying I, III and the strongest condition II * , statements (ii) and (ii) * are equivalent.
Lemma 2. For Φ, Ψ and w as in Theorem 1, statement (ii) in this theorem is equivalent to (ii) * There exist C 2 > 0 and m > 0 such that for any cube Q = Q(y, r) in R n ,
3. Main results. Let T be the maximal operator defined in the introduction.
The action of T over one Dirac delta can be defined by
for (a, u) ∈ R n × U and (x, v) ∈ R n × V . Following [5] , we say that the operator T is of weak type (1, 1) over finite sums of Dirac deltas if there is a set A ⊂ R n ×U with γ(R n ×U \A) = 0, and also a constant C > 0 such that for every finite family {(a k , u k )} N k=1 ⊂ A and λ > 0,
We are going to show that the operator T has a weak boundedness property if and only if T has the same property over finite sums of Dirac deltas.
Theorem 3. Let T be as before, with Φ, Ψ set functions satisfying conditions I, II and III, w a positive function defined on R n × U and dγ(x, u) and dβ(x, v) positive Borel measures on R n × U and R n × V , respectively. The following statements are equivalent: 
(c ) There exist m > 0 and C > 0 such that for any cube Q = Q(y, r) in R n ,
Let Q = Q(y, r), (a, u) ∈ A ∩ Φ(Q), and λ = 1/|Q|. We now prove that for each m > 0,
where c is a constant which depends on m.
because Q ⊂ Q(ξ, Kr), and then Φ(Q) ⊂ Φ(Q(ξ, Kr)). So, we have
We now prove (c )⇒(b ). We use a simple induction argument, without dyadic cubes as in [6] and [8] .
Suppose that (c ) is satisfied for a constant m ≥ 2. Note that this is not a restriction because, as one can conclude from [8] , if there are some m and C satisfying (c ), then for every m > 0 it is possible to find a C with the same condition.
Let (a, u) ∈ A; we define
We show that E λ ⊂ S m (Q) for some m and Q. If (x, v) ∈ E λ , then there is a cube Q with |Q| = 1/λ, (a, u) ∈ Φ(Q) and (x, v) ∈ Ψ (Q). If we now take two points of E λ , (x 1 , v 1 ) and (x 2 , v 2 ), with associated cubes Q 1 and Q 2 respectively, satisfying the above conditions, then Φ(Q 1 ) ∩ Φ(Q 2 ) = ∅ and Q 1 ∩ Q 2 = ∅. So, the center of Q 2 belongs to Q(x 1 , 2r) and we can ensure that Ψ (Q 2 ) ⊂ S 2 (Q 1 ).
Thus, E λ ⊂ S 2 (Q 1 ), and therefore
Assume now that the theorem is true for every finite family of J Dirac deltas, with J ≤ N − 1. We now prove it for J = N .
In this case, if
Then the size of Q (x,v) will be
Let Q 1 be one of biggest size, and assume that it has center x 1 ∈ R n and side length r. For any (x, v) ∈ E λ , if the associated cube
and thus
We may now apply the induction hypothesis:
and finally,
The last theorem can be extended to the fractional maximal operator defined by
The action of M α over one Dirac delta can be defined by M α δ (a,u) (x, v) = sup Q 1 |Q| 1−α/n χ Φ(Q) (a, u)χ Ψ (Q) (x, v).
With the same arguments as in Theorem 3, we can easily prove the following Theorem 5. If M α is the fractional maximal operator just defined , 0 ≤ α < n, 1 ≤ q < ∞, and Φ and Ψ are set functions satisfying conditions I, II and III, then the following statements are equivalent: We may also obtain, as an immediate consequence of this theorem, the discrete version of the characterization obtained in [7] for M α :
Corollary 6. In the situation of Theorem 5, if condition II is replaced by II * , then statement (ii) can be changed to (ii * ) There is C > 0 such that for every cube Q in R n ,
β(Ψ (Q))
1/q |Q| 1−α/n ≤ Cw(x, u), γ-a.e. (x, u) ∈ Φ(Q).
